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TILING ENUMERATION OF DOUBLY–INTRUDED HALVED HEXAGONS
TRI LAI
Abstract. Inspired by Propp’s intruded Aztec diamond regions, we consider halved hexagons in
which two aligned arrays of triangular holes have been removed from their boundaries. Unlike the
intruded Aztec diamonds (whose numbers of domino tilings contain some large prime factors in their
factorizations), the numbers of lozenge tilings of our doubly-intruded halved hexagons are given by
simple product formulas in which all factors are linear in the parameters. In this paper, we present an
extensive list of exact tiling enumerations of sixteen different types of doubly-intruded halved hexagons.
We also prove that the lozenge tilings of a symmetric hexagon with three arrays of triangles removed
are always enumerated by a closed-form product formula. Our results generalize several previous work,
including Proctor’s enumeration of the transposed–complementary plane partitions, related work of
Ciucu, and recent generalizations of Rohatgi and of the author.
1. Introduction
MacMahon’s classical theorem on plane partitions fitting in a given box is equivalent to the fact
that the number of lozenge tilings of a centrally symmetric hexagon with side-lengths a, b, c, a, b, c (in
a cyclic order) on the triangular lattice1 is given by the beautiful product formula
(1.1)
a∏
i=1
b∏
j=1
c∏
k=1
i+ j + k − 1
i+ j + k − 2
.
Here a lozenge is a shape made by any two unit equilateral triangles sharing an edge, and a lozenge
tiling of a region is a covering of the region by lozenges, such that there are no gaps or overlaps.
The beauty of MacMahon’s formula motivates ones to consider more classes of boxed plane parti-
tions. As an important topic in enumerative combinatorics, the study of symmetric plane partitions
has got a lot of attention in the last few decades (see e.g. [23], [10], [22], [1], [8]). Each of the 10
symmetry classes of plane partitions is equivalent to a certain type of symmetric lozenge tilings of
a hexagon, and is enumerated by a simple product formula. In this paper, we focus on one of the
symmetry classes, the transposed-complementary plane partitions, that is equivalent to the lozenge
tilings of a hexagon which are invariant under the refection over a vertical symmetry axis. The latter
in turn are in bijection with the lozenge tilings of a halved hexagon, the region obtained by dividing
a symmetric hexagon by a zigzag lattice path along its vertical symmetry axis. This symmetry class
was first enumerated by Proctor [19]. Proctor actually enumerated a certain class of staircase plane
partitions that are in bijection with the lozenge tilings of a hexagon with a maximal staircase cut off
(see Figure 2.1(a)). We refer the reader to [5] for a number of related tiling enumerations.
Our regions are inspired by Propp’s ‘intruded Aztec diamonds’ described in Problem 11 of his well-
known survey paper [20]. In particular, we consider sixteen different variations of halved hexagons in
which “intrusions” are made by two ‘ferns’ lined up along a common horizontal lattice line (see Figures
2.5, 2.6, 2.7, and 2.8 for examples). Here a fern is an array triangles with alternating orientations
(up-pointing and down-pointing). The resulting regions turn out to have the numbers of lozenge tilings
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1 We consider the triangular lattice drawn so that one family of lattice lines is horizontal.
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Figure 1.1. The symmetric hexagons with three ferns removed. (a) The region
S
(1)
2,2,2(3, 2; 2, 2, 3). (b) The region S
(2)
2,2,2(3, 2; 3, 2, 2)
given by simple product formulas. In particular, the factor in the prime factorizations of the tiling
numbers are all linear in the parameters (this is not the case for the intruded Aztec diamonds).
Our results generalize Proctor’s enumeration and its weighted version due to Ciucu [3]. Our results
also have Rohatgi’s work [21] and the author’s previous work [16, 17] as special cases.
In this paper, we consider in addition symmetric hexagons with three ferns removed on the same
horizontal lattice line as follows.
Let x, y, z be three non-negative integers, and let a = {ai}
n
i=1 and b = {bj}
m
j=1 be two sequences of
non-negative integers. Set
ea :=
∑
i even
ai, oa =
∑
i odd
ai,(1.2)
eb :=
∑
j even
bj , ob =
∑
j odd
bj .(1.3)
We consider a hexagon of side-lengths2 x+2 eb+2 ea, y+z+2ob+2oa−a1, y+z+2ob+2oa−a1, x+
2ob+2oa−a1, y + z + 2ob+2oa−a1, y + z + 2ob+2oa−a1.
We remove two equal ferns whose triangles are of side lengths b1, b2, . . . , bn at level z above the
west vertex of the hexagon, one array branches from the northeast side of the hexagon to the
right and the other branches in the opposite direction, from the northwest side to the left. In
the middle of the two array, we remove a symmetric array of triangles with an a1-triangle in the
middle, then two a2-triangles on both sides, and so on (see Figure 1.1). If the a1-triangle is up-
pointing, we denote the region by S
(1)
x,y,z(a1, a2, . . . , am; b1, b2, . . . , bn), otherwise the region is denoted
by S
(2)
x,y,z(a1, a2, . . . , am; b1, b2, . . . , bn). We prove that the tilings of these two regions are both enumer-
ated by simple product formulas.
It is worth noticing that by the same motivation from Propp’s intruded Aztec diamonds, Ciucu and
the author [6] have considered full hexagons with two ferns removed from the boundary. We refer the
reader to [4], [16], and [17] for more recent discussions on the fern structure.
2From now on, we always list the side lengths of a hexagon in the clockwise order, starting from the north side.
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The rest of this paper is organized as follows. Due to a large number of doubly-intruded halved
hexagons needed to define, we leave the precise statements of our main results to Section 2. In Section
3, we present several fundamental results in the enumeration of tilings. For ease of reference, we also
quote the particular version of Kuo condensation [9] and Ciucu’s factorization theorem [2] that will be
employed in our proofs. Section 4 is devoted to the proof of the main theorem. Finally, we conclude
the paper by posing several open questions in Section 5.
2. Statement of the main result
Consider a hexagon of side-lengths a, b, c, a, b, c on the triangular lattice. Assume that a ≤ b and
that a maximal staircase has been cut off from the west corner of the hexagon. Let Pa,b,c denote the
resulting region (see Figure 2.1(a)).
Theorem 2.1 (Proctor [19]). For any non-negative integers a, b, and c with a ≤ b, we have
(2.1) M(Pa,b,c) =
a∏
i=1

b−a+1∏
j=1
c+ i+ j − 1
i+ j − 1
b−a+i∏
j=b−a+2
2c+ i+ j − 1
i+ j − 1

 ,
where empty products are taken to be 1. Here we use the notation M(R) for the number of tilings3 of
the region R.
We note that when a = b, the region Pa,b,c becomes a “halved hexagon”, and that Proctor’s theorem
yields a closed-form product formula for the number of transposed-complimentary plane partitions.
In this paper, we also call Pa,b,c a halved hexagon (with a defect).
Lozenges in a region can carry ‘weights’. In this case, we use the notation M(R) for the sum of
weights of all tilings of R, where the weight of a tiling is the weight product of its constituent lozenges.
We are also interested in the weighted counterpart P ′a,b,c of Pa,b,c where the vertical lozenges along the
west side of the region are all weighted by 12 (see the lozenges with shaded ‘cores’ in Figure 2.1(b)).
In this weight assignment, a tiling has the weight
(
1
2
)n
, where n is the number of vertical lozenges
running along the west side. M. Ciucu [3] proved the following weighted counterpart of Theorem 2.1.
Theorem 2.2. For any non-negative integers a, b, and c with a ≤ b
(2.2) M(P ′a,b,c) = 2
−a
∏
i=1
2c+ b− a+ i
c+ b− a+ i
a∏
i=1

b−a+1∏
j=1
c+ i+ j − 1
i+ j − 1
b−a+i∏
j=b−a+2
2c+ i+ j − 1
i+ j − 1

 .
Recently, Rohatgi [21] generalized the tiling enumeration of a halved hexagon to a halved hexagon
with a triangle removed along the northeast side (see Figures 2.1(c) and (d)). The author [16] gener-
alized further Rohatgi’s result by extending the single triangular hole in the latter regions to a fern
of an arbitrary number of triangular holes (see Figure 2.2). Moreover, it has been shown in [17] that
if the fern is removed from the west side instead of the northeast side, we also have a simple product
formula for the tiling number (see Figure 2.3 for examples).
In this paper, we show that the instantaneous removal of two aligned ferns from two different sides
of the halved hexagon still gives a simple product formula for the number of tilings. Based on the
orientations of triangles in the ferns and the weight assignments of lozenges along the west side of
the halved hexagons, there are sixteen families of regions to enumerate. The extensive list of tiling
enumerations of the halved hexagons will be presented in Theorems 2.4–2.19 below.
Let us define the hyperfactorial function by:
(2.3) H(n) := 0! · 1! · 2! · · · (n− 1)!,
3We only consider regions on the triangular lattice in this paper. Therefore, from now only, we use the words
“region(s)” and “tiling(s)” to mean “ region(s) on the triangular lattice” and “lozenge tiling(s)”, respectively.
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Figure 2.1. (a) Halved hexagon (with defect) P4,7,3. (b) The weighted halved hexagon
(with defect) P ′4,7,3. (c)–(d) The regions in Rohatgi’s paper [21].
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Figure 2.2. Halved hexagons with an array of triangles removed from their northeast
sides. The regions were enumerated in [16].
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Figure 2.3. Two halved hexagons with a fern removed on their west sides. The regions
were enumerated in [17].
and its ‘skipping’ version by
(2.4) H2(n) :=
⌊n/2⌋∏
i=1
(n− 2i)!.
We define the Pochhammer symbol (x)n by
(2.5) (x)n :=


x(x+ 1)(x + 2) · · · (x+ n− 1) if n > 0;
1 if n = 0;
1
(x− 1)(x − 2) · · · (x+ n)
if n < 0.
We also use its ‘skipping’ variation:
(2.6) [x]n :=


x(x+ 2)(x + 4) · · · (x+ 2n− 2) if n > 0;
1 if n = 0;
1
(x− 2)(x − 4) · · · (x+ 2n)
if n < 0.
We finally define the two products for nonnegative integers m,n
(2.7) T(x, n,m) :=
m−1∏
i=0
(x+ i)n−2i
and
(2.8) V(x, n,m) :=
m−1∏
i=0
[x+ 2i]n−2i,
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first appeared in [17].
where the empty products are taken to be 1.
Next, we quote the enumerations of four families of quartered hexagons by the author in [12, 13].
These enumerations were side results when we generalized the work of W. Jockusch and J. Propp’s on
quartered Aztec diamonds [11]. Intuitively, a quartered hexagon is obtained from a halved hexagon
by cutting off several up-pointing triangles along the base (see the regions in Figure 2.4). It is worth
noticing that the unweighted enumeration of the quartered hexagons in [12] is equivalent to the lattice-
path enumeration of the so-called stars by C. Krattenthaler, A. J. Guttmann, and X. G. Viennot [7].
Assume that t = (t1, t2, . . . , t2l) is a sequence of non-negative integers. We define the first quartered
hexagon as follows. Consider a trapezoidal region whose north, northeast, and south sides have
respectively lengths ot, 2 et, and et+ot, and whose west side runs along a vertical zigzag lattice path
with et steps. Here, and from now on, we are using the notations et and ot for the sum of even terms
and the sum of odd terms in the sequence t, respectively. We remove the triangles of side-lengths
t2i’s from the base of the latter region, such that the distances between two consecutive triangles are
t2i−1’s. Denote the resulting region by Q(t) = Q(t1, t2, . . . , t2l) (see the regions in Figure 2.4(a) for
the case when t1 > 0 and Figure 2.4(b) for the case when t1 = 0). We also consider the weighted
counterpart Q′(t) of the latter region, where the vertical lozenges on the west side are weighted by 12
(see Figure 2.4(c); the vertical lozenges with shaded cores are weighted by 12).
We are also interested in a variation of theQ-type regions as follows. Consider the trapezoidal region
whose north, northeast, and south sides have lengths ot, 2 et−1, et+ot, respectively, and whose west
side follows the vertical zigzag lattice path with et−
1
2 steps (i.e. the west side has et−1 and a
half ‘bumps’). Next, we also remove the triangles of side-lengths t2i’s from the base, such that the
distances between two consecutive ones are t2i−1’s. Denote by K(t) = K(t1, t2, . . . , t2l) the resulting
regions (see the regions in Figure 2.4(d) for the case when t1 > 0 and Figure 2.4(e) for the case when
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t1 = 0). Similar to the case of Q
′-type regions, we also define the weighted version K′(t) of the K(t)
by assigning to each vertical lozenge on its west side a weight 12 (see Figure 2.4(f)).
From now on, we use respectively the notations Pa,b,c, P
′
a,b,c, Q(t), Q
′(t), K(t), and K′(t) for the
numbers of tilings of the regions Pa,b,c, P
′
a,b,c, Q(t), Q
′(t), K(t), and K′(t).
It is more convenient for us to use the following form, that was first introduced in [16], of the
enumerations of the four quartered hexagons (instead of using the original form appeared in [12, 13]).
Lemma 2.3. For any sequence of non-negative integers t = (t1, t2, . . . , t2l)
Q(t) =
∏l
i=1
(s2i(t))!
(s2i−1(t))!
H2(2 et+1)
l∏
i=1
(
H2(2 s2i(t) + 1)H2(2 s2i−1(t) + 2)
)
×
∏
1≤i<j≤2l
j − i odd
H(sj(t)− si(t))
H(sj(t) + si(t) + 1)
∏
1≤i<j≤2l
j − i even
H(sj(t) + si(t) + 1)
H(sj(t)− si(t))
,(2.9)
Q′(t) =
2− et
H2(2 et+1)
l∏
i=1
(
H2(2 s2i(t) + 1)H2(2 s2i−1(t))
)
×
∏
1≤i<j≤2l
j − i odd
H(sj(t)− si(t))
H(sj(t) + si(t))
∏
1≤i<j≤2l
j − i even
H(sj(t) + si(t))
H(sj(t)− si(t))
,(2.10)
K(t) =
1
H2(2 et)
l∏
i=1
(
H2(2 s2i(t))H2(2 s2i−1(t) + 1)
)
×
∏
1≤i<j≤2l
j − i odd
H(sj(t)− si(t))
H(sj(t) + si(t))
∏
1≤i<j≤2l
j − i even
H(sj(t) + si(t))
H(sj(t)− si(t))
,(2.11)
and
K′(t) =
1
H2(2 et)
l∏
i=1
(
H2(2 s2i(t)− 1)H2(2 s2i−1(t))
)
×
∏
1≤i<j≤2l
j − i odd
H(sj(t)− si(t))
H(sj(t) + si(t)− 1)
∏
1≤i<j≤2l
j − i even
H(sj(t) + si(t)− 1)
H(sj(t)− si(t))
.(2.12)
where sk(t) = t1 + t2 + · · ·+ tk denotes the k-th partial sum of the sequence t.
We are now ready to define our first doubly-intruded halved hexagon.
Assume that x, y, z are three non-negative integers and that a = (a1, a2, . . . , am) and b = (b1, b2, . . . , bn)
are two sequences of non-negative integers.
We consider a halved hexagon whose north, northeast, southeast, and south sides have lengths
x + ea+ eb, 2y + z + 2oa+2ob, 2y + z + 2 ea+2 eb, x + oa+ob, respectively, and whose west side
follows the vertical zigzag lattice path with 2y + z + a+ b steps. Here, and from now on, we set
a :=
∑
i
ai, b :=
∑
j
bj.(2.13)
Next, we remove two ferns at the level z above the leftmost vertices of the halved hexagon as follows.
The right fern starts from the northeast side with an up-pointing b1-triangle and goes from right to left
with the triangles of side-lengths b1, b2, . . . , bn. The left fern starts with a half up-pointing triangle of
side 2a1 on the west side, and goes from left to right with triangles of side-lengths a2, a3, . . . , am. Let
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H
(1)
x,y,z(a;b) denote the resulting region (see Figure 2.5(a) for an example). The variation H
(2)
x,y,z(a; b)
of the H(1)-type region is obtained similarly from a halved hexagon of side-lengths4 x + ea+ eb,
2y+ z+2oa+2ob−1, 2y+ z+2 ea+2 eb−1, x+oa+ob, 2y+ z+a+ b− 1 as shown in Figure 2.5(b).
Theorem 2.4. Assume that x, y, z are non-negative integers and that a = (a1, a2, . . . , am) and b =
(b1, b2, . . . , bn) are two (possibly empty) sequences of non-negative integers. Then
M(H(1)x,y,z(a; b)) =
M(H
(1)
x+y,0,z(a; b))M(H
(1)
0,2y,z(a; b))
M(H
(1)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z, y)V(2x+ 2a+ 3, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z, y)V(2a+ 3, b+ 2y + z − 1, y)
= 2−y Q(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
H2(2oa+2ob+1)H2(2 ea+2 eb+2z + 1)
H2(2oa+2ob+2y + 1)H2(2 ea+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z, y)V(2x+ 2a+ 3, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z, y)V(2a+ 3, b+ 2y + z − 1, y)
,(2.14)
where ai = 0 if i > m and bj = 0 if j > n by convention
5.
We note that the first Q-type region in (2.14), the region Q(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y +
b2⌊n+1
2
⌋, b2⌊n+1
2
⌋− 1, . . . , b1), is (1) Q(0, a1, . . . , am−1, am+x+ y+ bn, bn−1, . . . , b1) if m and n are even,
(2) Q(0, a1, . . . , am, x+ y+ bn, bn−1, . . . , b1) if m is odd and n is even, (3) Q(0, a1, . . . , am−1, am + x+
y, bn, . . . , b1) if m is even and n is odd, and (4) Q(0, a1, . . . , am, x + y, bn, . . . , b1) if m and n are odd.
The explicit form of the second Q-type region can be obtained similarly. Moreover, the two Q-type
regions in (2.14) are determined by the triangles in the two ferns.
We also note that the product of the numbers of tilings of the above two Q-type regions is exactly
M(H
(1)
x+y,0,z(a;b)), and this fact can be proved by using Lemma 3.1 in the next section.
4From now on, we always list the side-lengths of a halved hexagon in the clockwise order from the north side.
5In the rest of this paper, we always assume this convention.
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Theorem 2.5. For non-negative integers x, y, z and sequences of non-negative integers a = (a1, a2, . . . , am)
and b = (b1, b2, . . . , bn)
M(H(2)x,y,z(a; b)) =
M(H
(2)
x+y,0,z(a; b))M(H
(2)
0,2y,z(a; b))
M(H
(2)
y,0,z(a; b))
×
T(x+ 1, 2a+ b+ 2y + z − 1, y)V(2x+ 2a+ 3, b+ 2y + z − 2, y)
T(1, 2a + b+ 2y + z − 1, y)V(2a+ 3, b+ 2y + z − 2, y)
= K(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
(2a− 1)!!
(2a+ 2y − 1)!!
H2(2oa+2ob)H2(2 ea+2 eb+2z)
H2(2oa+2ob+2y)H2(2 ea+2 eb+2y + 2z)
×
H(2a+ b+ 2y + z)H(b+ y + z)
H(2a+ b+ y + z)H(b+ z)
×
T(x+ 1, 2a+ b+ 2y + z − 1, y)V(2x+ 2a+ 3, b+ 2y + z − 2, y)
T(1, 2a + b+ 2y + z − 1, y)V(2a+ 3, b+ 2y + z − 2, y)
,(2.15)
where the ‘double’ factorial is defined as (2n+ 1)!! = 1 · 3 · 5 · · · (2n+ 1) and (2n)!! = 2 · 4 · · · 2n.
Similar to the case of the the region Pa,b,c, we would like to enumerate tilings of the weighted version
W
(1)
x,y,z(a;b) and W
(2)
x,y,z(a;b) of the above H(1)- and H(2)-type regions that are obtained by assigning
to each vertical lozenge along their west sides a weight 1/2 (see the lozenges with shaded cores in
Figures 2.5 (c) and (d), respectively). The weighted numbers of tilings of these two newly defined
regions are also given by closed-form products.
Theorem 2.6. For non-negative integers x, y, z and sequences of non-negative integers a = (a1, a2, . . . , am)
and b = (b1, b2, . . . , bn), we have
M(W (1)x,y,z(a; b)) =
M(W
(1)
x+y,0,z(a; b))M(W
(1)
0,2y,z(a; b))
M(W
(1)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z − 1, y)V(2x+ 2a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z − 1, y)V(2a+ 1, b+ 2y + z, y)
= 2−2y+a1 Q′(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q′(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
(2a+ 2y − 1)!!
(2a − 1)!!
H2(2oa+2ob+1)H2(2 ea+2 eb+2z + 1)
H2(2oa+2ob+2y + 1)H2(2 ea+2 eb+2y + 2z + 1)
×
H(2a + b+ 2y + z)H(b+ y + z)
H(2a+ b+ y + z)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z − 1, y)V(2x+ 2a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z − 1, y)V(2a+ 1, b+ 2y + z, y)
.(2.16)
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Theorem 2.7. With the same notations in Theorem 2.6, the weighted number of tilings of the W (2)-
type region is given by
M(W (2)x,y,z(a; b)) =
M(W
(2)
x+y,0,z(a; b))M(W
(2)
0,2y,z(a; b))
M(W
(2)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z − 2, y)V(2x+ 2a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 2, y)V(2a+ 1, b+ 2y + z − 1, 2)
= 2−y+a1−1K′(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K′(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
H2(2oa+2ob)H2(2 ea+2 eb+2z)
H2(2oa+2ob+2y)H2(2 ea+2 eb+2y + 2z)
×
H(2a+ b+ 2y + z − 1)H(b+ y + z)
H(2a+ b+ y + z − 1)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z − 2, y)V(2x+ 2a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 2, y)V(2a+ 1, b+ 2y + z − 1, y)
.(2.17)
We note that, in the above four halved hexagons, the a-fern always starts with an up-pointing half
triangle of side-length 2a1. We are also interested in the halved hexagons in which this half triangle
is down-pointing. The first halved hexagon of this type is defined as follows.
Start with a halved hexagon of side-lengths x + oa+ eb, 2y + z + 2 ea+2ob, 2y + z + 2oa+2 eb,
x+ ea+ob, 2y + z + a+ b. Remove the ‘upside down’ a-fern from the west side of the hexagon and
remove the normal b-fern from the northeast side at the level z above the rightmost vertex of the
halved hexagon as shown in Figure 2.6 (a). Let R
(1)
x,y,z(a; b) denote the resulting region.
Theorem 2.8. Assume that x, y, z are non-negative integers and that a = (a1, a2, . . . , am) and b =
(b1, b2, . . . , bn) are two sequences of non-negative integers. Then
M(R(1)x,y,z(a; b)) =
M(R
(1)
x+y,0,z(a; b))M(R
(1)
0,2y,z(a; b))
M(R
(1)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z, y)V(2x+ 2a+ 3, b+ 2y + z − 1, y)
T(1, 2a+ b+ 2y + z, y)V(2a+ 3, b+ 2y + z − 1, y)
= 2−y Q(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
H2(2 ea+2ob+1)H2(2oa+2 eb+2z + 1)
H2(2 ea+2ob+2y + 1)H2(2oa+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a + b+ y + z + 1)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z, y)V(2x+ 2a+ 3, b+ 2y + z − 1, y)
T(1, 2a+ b+ 2y + z, y)V(2a+ 3, b+ 2y + z − 1, y)
.(2.18)
We consider next a variation of the above R(1)-type region, where the initial halved hexagon has
side-lengths x+ oa+ eb, 2y+ z+2 ea+2ob−1, 2y+ z+2oa+2 eb−1, x+ ea+ob, 2y+ z+ a+ b− 1,
and where the a- and b-ferns are removed in the same way as in the case of R(1)-type regions. We
denote by R
(2)
x,y,z(a;b) the resulting region (illustrated in Figure 2.6(b)).
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Figure 2.6. (a) The region R
(1)
3,1,2(2, 2, 2; 2, 3). (b) The region R
(2)
2,1,2(2, 2, 2; 2, 3). (c)
The weighted region RW
(1)
3,1,2(2, 2, 2; 2, 3). (d) The weighted region RW
(2)
2,1,2(2, 2, 2; 2, 3).
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Theorem 2.9. With the same notations in Theorem 2.8, the number of tilings of the R(2)-type region
is given by
M(R(2)x,y,z(a; b)) =
M(R
(2)
x+y,0,z(a; b))M(R
(2)
0,2y,z(a; b))
M(R
(2)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z − 1, y)V(2x+ 2a+ 3, b+ 2y + z − 2, y)
T(1, 2a+ b+ 2y + z − 1, y)V(2a+ 3, b+ 2y + z − 2, y)
= K(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
(2a− 1)!!
(2a+ 2y − 1)!!
H2(2 ea+2ob)H2(2oa+2 eb+2z)
H2(2 ea+2ob+2y)H2(2oa+2 eb+2y + 2z)
×
H(2a+ b+ 2y + z)H(b+ y + z)
H(2a + b+ y + z)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z − 1, y)V(2x+ 2a+ 3, b+ 2y + z − 2, y)
T(1, 2a+ b+ 2y + z − 1, y)V(2a+ 3, b+ 2y + z − 2, y)
.(2.19)
We are also investigate the weighted versions of the above ‘reversing’ regions with the verti-
cal lozenges along the west side weighted by 1/2. Denote the weighted version of R
(i)
x,y,z(a;b) by
RW
(i)
x,y,z(a;b), for i = 1, 2. These newly defined regions are illustrated in Figures 2.6(c) and (d),
respectively, and their tiling numbers are also given by simple product formulas as below.
Theorem 2.10. For non-negative integers x, y, z and sequences of non-negative integers a = (a1, a2, . . . , am)
and b = (b1, b2, . . . , bn), we have
M(RW (1)x,y,z(a; b)) =
M(RW
(1)
x+y,0,z(a; b))M(RW
(1)
0,2y,z(a; b))
M(RW
(1)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z − 1, y)V(2x+ 2a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z − 1, y)V(2a+ 1, b+ 2y + z, y)
= 2a1−2y Q′(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q′(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
(2a+ 2y − 1)!!
(2a − 1)!!
H2(2 ea+2ob+1)H2(2oa+2 eb+2z + 1)
H2(2 ea+2ob+2y + 1)H2(2oa+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z)H(b+ y + z)
H(2a+ b+ y + z)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z − 1, y)V(2x+ 2a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z − 1, y)V(2a+ 1, b+ 2y + z, y)
.(2.20)
14 TRI LAI
Theorem 2.11. With the same notations in Theorem 2.10, the weighted number of tilings of the
RW (2)-type region is given by
M(RW (2)x,y,z(a; b)) =
M(RW
(2)
x+y,0,z(a; b))M(RW
(2)
0,2y,z(a; b))
M(RW
(2)
y,0,z(a; b))
×
T(x+ 1, 2a+ b+ 2y + z − 2, y)V(2x+ 2a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 2, y)V(2a+ 1, b + 2y + z − 1, y)
(2.21)
= 2a1−y−1K′(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K′(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
H2(2 ea+2ob)H2(2oa+2 eb+2z)
H2(2 ea+2ob+2y)H2(2oa+2 eb+2y + 2z)
×
H(2a+ b+ 2y + z − 1)H(b+ y + z)
H(2a+ b+ y + z − 1)H(b+ z)
×
T(x+ 1, 2a+ b+ 2y + z − 2, y)V(2x+ 2a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 2, y)V(2a+ 1, b + 2y + z − 1, y)
.(2.22)
In the next part of this section, we consider the situations when only half of the lozenges along the
west side of our halved hexagons are weighted. In particular, either the portion of above or the portion
below the lattice line, on which the two ferns are lying down, has the adjacent lozenges weighted by
1/2. Our first ‘mixed-boundary’ region is defined in the next paragraph.
The first mixed-boundary region N
(1)
x,y,z(a; b) is obtained from the region H
(1)
x,y,z(a; b) by adding
a layer of unit triangles running along the north side, as well as a layer running along the portion of
the west side above the two ferns as shown in Figure 2.7(a); the added unit triangles are restricted
between the bold and the dotted contours. In the resulting region, we assign to each vertical lozenge
above the ferns and running along the west side a weight 1/2. The second region with mixed boundary
is defined similarly, the only difference is that it is now obtained by applying the same lozenge-adding
procedure to the region H
(2)
x,y,z(a; b) (see Figure 2.7(b)).
Theorem 2.12. Assume that x, y, z are non-negative integers and that a = (a1, a2, . . . , am) and
b = (b1, b2, . . . , bn) are two sequences of non-negative integers. Then
M(N (1)x,y,z(a; b)) =
M(N
(1)
x+y,0,z(a; b))M(N
(1)
0,2y,z(a; b))
M(N
(1)
y,0,z(a; b))
×
T(x+ 1, 2a+ b+ 2y + z, y)T(x+ a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z, y)T(a+ 1, b+ 2y + z, y)
= 2a1−y K′(0, a1 + 1, a2, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
(a+ y)!
a!
H2(2oa+2ob+2)H2(2 ea+2 eb+2z + 1)
H2(2oa+2ob+2y + 2)H2(2 ea+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
×
T(x+ 1, 2a+ b+ 2y + z, y)T(x+ a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z, y)T(a+ 1, b+ 2y + z, y)
.(2.23)
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Figure 2.7. The four mixed-boundary regions: (a) The region N
(1)
2,1,2(2, 2, 1; 2, 2). (b)
The region N
(2)
2,2,2(2, 2, 2; 2, 3). (c) The region N
(3)
2,1,2(2, 3, 1; 3, 2). (d) The region
N
(4)
2,1,2(2, 2, 2; 2, 3).
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Theorem 2.13. With the same notations in Theorem 2.12, the weighted number of tilings of the
N (2)-type region is given by
M(N (2)x,y,z(a; b)) =
M(N
(2)
x+y,0,z(a; b))M(N
(2)
0,2y,z(a; b))
M(N
(2)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z − 1, y)T(x+ a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 1, y)T(a+ 1, b+ 2y + z − 1, y)
= 2a1−y Q′(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
H2(2oa+2ob+1)H2(2 ea+2 eb+2z)
H2(2oa+2ob+2y + 1)H2(2 ea+2 eb+2y + 2z)
×
H(2a+ b+ 2y + z)H(b+ y + z)
H(2a+ b+ y + z)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z − 1, y)T(x+ a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 1, y)T(a+ 1, b+ 2y + z − 1, y)
.(2.24)
In the above N (1)- and N (2)-type regions, only the portion above the ferns of the west side is
weighted. In contrast, our next two regions have the portion below the ferns weighted. In particular,
we remove from the weighted region W
(i)
x,y,z(a;b), i = 1, 2, all unit triangles running along its north
side and the ones running along the portion of the west side above the fern (indicated by the part
between the dotted lines and the bold contour in Figures 2.7(c) and (d)). The removal of the unit
triangles from the region W
(1)
x,y,z(a;b) gives the new region N
(3)
x,y,z(a;b) (shown in Figure 2.7(c)), and
the removal from the region W
(2)
x,y,z(a;b) gives the region N
(4)
x,y,z(a;b) (illustrated in Figure 2.7(d)).
Theorem 2.14. For non-negative integers x, y, z and sequences of non-negative integers a = (a1, a2, . . . , am)
and b = (b1, b2, . . . , bn), we have
M(N (3)x,y,z(a; b)) =
M(N
(3)
x+y,0,z(a; b))M(N
(3)
0,2y,z(a; b))
M(N
(3)
y,0,z(a; b))
×
T(x+ 1, 2a+ b+ 2y + z − 1, y)T(x+ a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 1, y)T(a+ 1, b + 2y + z − 1, y)
= 2−y K(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q′(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
H2(2oa+2ob)H2(2 ea+2 eb+2z + 1)
H2(2oa+2ob+2y)H2(2 ea+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z)H(b+ y + z)
H(2a+ b+ y + z)H(b+ z)
×
T(x+ 1, 2a+ b+ 2y + z − 1, y)T(x+ a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 1, y)T(a+ 1, b + 2y + z − 1, y)
.(2.25)
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Theorem 2.15. Assume that x, y, z are non-negative integers and that a = (a1, a2, . . . , am) and
b = (b1, b2, . . . , bn) are two sequences of non-negative integers. Then
M(N (4)x,y,z(a; b)) =
M(N
(4)
x+y,0,z(a; b))M(N
(4)
0,2y,z(a; b))
M(N
(4)
y,0,z(a; b))
×
T(x+ 1, 2a+ b+ 2y + z − 2, y)T(x+ a+ 1, b + 2y + z − 2, y)
T(1, 2a + b+ 2y + z − 2, y)T(a+ 1, b+ 2y + z − 2, y)
= 2−y Q(0, a1 − 1, a2, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K′(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
(a− 1)!
(a+ y − 1)!
H2(2oa+2ob−1)H2(2 ea+2 eb+2z)
H2(2oa+2ob+2y − 1)H2(2 ea+2 eb+2y + 2z)
×
H(2a+ b+ 2y + z − 1)H(b+ y + z)
H(2a+ b+ y + z − 1)H(b+ z)
×
T(x+ 1, 2a+ b+ 2y + z − 2, y)T(x+ a+ 1, b + 2y + z − 2, y)
T(1, 2a + b+ 2y + z − 2, y)T(a+ 1, b+ 2y + z − 2, y)
.(2.26)
The final quadruple of halved hexagons considered in this section are reversing versions of the above
mixed-boundary regions. The region NR
(1)
x,y,z(a; b) is obtained from the region R
(1)
x,y,z(a; b) by adding
a layer of unit triangles running along the south side and a layer along the portion below the two ferns
of the west side. We next assign a weight 1/2 to each newly added vertical lozenges along the west
side of the region (see Figure 2.8(a)). The region NR
(2)
x,y,z(a;b) is obtained similarly from the region
R
(2)
x,y,z(a;b) as shown in Figure 2.8(b). If we remove the unit triangles running along the south side
and the portion below the ferns of the west side from the regions RW
(1)
x,y,z(a;b) and RW
(2)
x,y,z(a;b), we
get respectively the new regions NR
(3)
x,y,z(a;b) and NR
(4)
x,y,z(a;b) (see examples in Figures 2.8(c) and
(d), respectively). The tilings of these four new regions are also enumerated by closed-form product
formulas.
Theorem 2.16. Assume that x, y, z are non-negative integers and that a = (a1, a2, . . . , am) and
b = (b1, b2, . . . , bn) are two sequences of non-negative integers. Then
M(NR(1)x,y,z(a; b)) =
M(NR
(1)
x+y,0,z(a; b))M(NR
(1)
0,2y,z(a; b))
M(NR
(1)
y,0,z(a; b))
×
T(x+ 1, 2a+ b+ 2y + z, y)T(x+ a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z, y)T(a+ 1,Sb+2y + z, y)
= 2a1−y Q(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K′(0, a1 + 1, a2, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
(a+ y)!
a!
H2(2 ea+2ob+1)H2(2oa+2 eb+2z + 2)
H2(2 ea+2ob+2y + 1)H2(2oa+2 eb+2y + 2z + 2)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
×
T(x+ 1, 2a+ b+ 2y + z, y)T(x+ a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z, y)T(a+ 1, b+ 2y + z, y)
.(2.27)
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Figure 2.8. The four mixed-boundary regions: (a) The region NR
(1)
2,1,2(2, 2, 2; 2, 3).
(b) The region NR
(2)
2,1,2(2, 3, 2; 2, 2). (c) The region NR
(3)
2,1,2(2, 2, 2; 2, 3). (d) The
region NR
(4)
2,1,2(2, 3, 2; 3, 2).
TILING ENUMERATION OF DOUBLY–INTRUDED HALVED HEXAGONS 19
Theorem 2.17. With the same notations in Theorem 2.16, the number of tilings of the NR(2)-type
region is given by
M(NR(2)x,y,z(a; b)) =
M(NR
(2)
x+y,0,z(a; b))M(NR
(2)
0,2y,z(a; b))
M(NR
(2)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z − 1, y)T(x+ a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 1, y)T(a+ 1, b+ 2y + z − 1, y)
(2.28)
= 2a1−y K(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q′(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
H2(2 ea+2ob)H2(2oa+2 eb+2z + 1)
H2(2 ea+2ob+2y)H2(2oa+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z)H(b+ y + z)
H(2a+ b+ y + z)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z − 1, y)T(x+ a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 1, y)T(a+ 1, b+ 2y + z − 1, y)
.(2.29)
Theorem 2.18. With the same notations in Theorem 2.16, the number of tilings of the NR(3)-type
region is given by
M(MR(3)x,y,z(a; b)) =
M(NR
(3)
x+y,0,z(a; b))M(NR
(3)
0,2y,z(a; b))
M(NR
(3)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z − 1, y)T(x+ a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 1, y)T(a+ 1, b+ 2y + z − 1, y)
= 2−y Q′(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
H2(2 ea+2ob+1)H2(2oa+2 eb+2z)
H2(2 ea+2ob+2y + 1)H2(2oa+2 eb+2y + 2z)
×
H(2a+ b+ 2y + z)H(b+ y + z)
H(2a+ b+ y + z)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z − 1, y)T(x+ a+ 1, b+ 2y + z − 1, y)
T(1, 2a + b+ 2y + z − 1, y)T(a+ 1, b+ 2y + z − 1, y)
.(2.30)
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Theorem 2.19. With the same notations in Theorem 2.16, the number of tilings of the NR(4)-type
region is given by
M(NR(4)x,y,z(a; b)) =
M(NR
(4)
x+y,0,z(a; b))M(NR
(4)
0,2y,z(a; b))
M(MR
(4)
y,0,z(a; b))
×
T(x+ 1, 2a + b+ 2y + z − 2, y)T(x+ a+ 1, b+ 2y + z − 2, y)
T(1, 2a + b+ 2y + z − 2, y)T(a+ 1, b+ 2y + z − 2, y)
= 2−y K′(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(0, a1 − 1, a2, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
(a− 1)!
(a+ y − 1)!
H2(2 ea+2ob)H2(2oa+2 eb+2z − 1)
H2(2 ea+2ob+2y)H2(2oa+2 eb+2y + 2z − 1)
×
H(2a+ b+ 2y + z − 1)H(b+ y + z)
H(2a+ b+ y + z − 1)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z − 2, y)T(x+ a+ 1, b+ 2y + z − 2, y)
T(1, 2a + b+ 2y + z − 2, y)T(a+ 1, b+ 2y + z − 2, y)
.(2.31)
We conclude this section by giving exact tiling formulas for the symmetric hexagons in which three
aligned ferns have been removed (denoted by S
(i)
x,y,z(a;b), for i = 1, 2; illustrated in Figure 1.1). We
have a small notice that the x- and y-parameters ofn the region S
(i)
x,y,z(a;b) always have the same
parity.
Theorem 2.20. Assume that x, y, z are non-negative integers and that a = (a1, . . . , am) and b =
(b1, . . . , bn) are two sequences of non-negative integers as usual. The number of lozenge tilings of the
symmetric hexagon with three ferns removed S
(1)
x,y,z(a; b) is always given by a simple product formula
as follows.
(a) If a1 is even, then
M(S(1)x,y,z(a; b)) = 2
y+z+a+b−a1 M
(
H
(2)
⌊x2⌋,⌈
y
2⌉,z
(a1
2
, a2, . . . , am; b
))
×M
(
W
(1)
⌈x2 ⌉,⌊
y
2⌋,z
(a1
2
, a2, . . . , am; b
))
.(2.32)
(d) If a1 is odd, then
M(S(1)x,y,z(a; b)) = 2
y+z+a+b−a1 M
(
N
(4)
⌊ x2⌋,⌈
y
2⌉,z
(
a1 + 1
2
, a2, . . . , am; b
))
×M
(
N
(1)
⌈ x2⌉,⌊
y
2⌋,z
(
a1 − 1
2
, a2, . . . , am; b
))
.(2.33)
Theorem 2.21. Assume that x, y, z are non-negative integers and that a = (a1, . . . , am) and b =
(b1, . . . , bn) are two sequences of non-negative integers. The number of lozenge tilings of the symmetric
hexagon with three ferns removed S
(2)
x,y,z(a; b) is always given by a simple product formula as follows.
(a) If a1 is even, then
M(S(2)x,y,z(a; b)) = 2
y+z+a+b−a1 M
(
R
(2)
⌊x2 ⌋,⌈
y
2 ⌉,z
(a1
2
, a2, . . . , am; b
))
×M
(
RW
(1)
⌈x2⌉,⌊
y
2⌋,z
(a1
2
, a2, . . . , am; b
))
.(2.34)
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(b) If a1 is odd, then
M(S(2)x,y,z(a; b)) = 2
y+z+a+b−a1 M
(
NR
(1)
⌈x2 ⌉,⌊
y
2 ⌋,z
(
a1 − 1
2
, a2, . . . , am; b
))
×M
(
NR
(4)
⌊x2 ⌋,⌈
y
2⌉,z
(
a1 + 1
2
, a2, . . . , am; b
))
.(2.35)
3. Preliminaries
Let G be a finite graph with no loop, however, multiple edges are allowed. A perfect matching of
G (or simply matching in this paper) is a collection of vertex-disjoint edges that covers all vertices of
the graph. Lozenge tilings of a region on the triangular lattice can be identified with matchings of its
(planar) dual graph (the graph whose vertices are the unit triangles of the regions and whose edges
connect precisely two unit triangles sharing an edge). In this point of view, we let M(G) denote the
sum of weights of all matchings of G, where the weight of a matching is the product of weights of its
constituent edges. In the unweighted case, M(G) counts the matchings of the graph G.
A forced lozenge is a lozenge contained in any tilings of the region. By removing a forced lozenge,
the weighted tiling number of a region is reduced by a factor equal to the weight of the removed
lozenge. More generally, we have the following lemma that first appeared in [14, 15].
Lemma 3.1 (Region-splitting Lemma). Let R be a balanced region on the triangular lattice (i.e. R
has the same number of up-pointing and down-pointing unit triangles). Assume that S is a subregion
of R satisfying the following conditions:
(a) There is exactly one type of unit triangles (up-pointing or down-pointing) running along each
side of the border separating S and its complement R− S.
(b) S is balanced.
Then M(R) = M(S) ·M(R − S).
One of the main ingredients of our proofs is the following powerful theorem by Kuo [9], that is
usually mentioned as Kuo condensation.
Theorem 3.2 (Theorem 5.1 in [9]). Assume that G = (V1, V2, E) is a weighted bipartite planar graph
with the two vertex classes V1 and V2 of the same cardinality. Assume in addition that u, v, w, s are
four vertices appearing on a cyclic order on a face of G, such that u,w ∈ V1 and v, s ∈ V2. Then
M(G)M(G− {u, v, w, s}) = M(G− {u, v})M(G− {w, s}) +M(G− {u, s})M(G− {v,w}).(3.1)
Next, we quote here a factorization theorem by Ciucu (Theorem 1.2 in [2]), that allows us write the
number of matchings of a symmetric graph as the product of the matching numbers of two disjoint
subgraphs.
Lemma 3.3 (Ciucu’s Factorization Theorem). Let G = (V1, V2, E) be a weighted bipartite planar
graph with a vertical symmetry axis ℓ. Assume that a1, b1, a2, b2, . . . , ak, bk are all the vertices of G on
ℓ appearing in this order from top to bottom6. Assume in addition that the vertices of G on ℓ form a
cut set of G (i.e. the removal of those vertices separates G into two vertex-disjoint graphs). We reduce
the weights of all edges of G lying on ℓ by half and keep the other edge-weights unchanged. Next, we
color the two vertex classes V1 and V2 of G by black and white, without loss of generality, assume that
a1 is black. Finally, we remove all edges on the left of ℓ which are adjacent to a black ai or a white bj ;
we also remove the edges on the right of ℓ which are adjacent to a white ai or a black bj. This way, G
is divided into two disjoint weighted graphs G+ and G− (on the left and on the right of ℓ, respectively).
See Figure 3.1 for an example. Then
(3.2) M(G) = 2k M(G+)M(G−).
We have the several identities related to the products T and V as follows:
6It is easy to see that if G admits a perfect matching, then G has an even number of vertices on ℓ.
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(a) (b)
G
1/2
ℓ
a1
b1
a2
b2
a3
b3
a4
b4
G+ G
−
1/2
ℓ
a1
b1
a2
b2
a3
b3
a4
b4
Figure 3.1. Ciucu’s Factorization Theorem. The edges cut off are illustrated by
dotted edges.
Lemma 3.4.
T(x, n,m)
T(x− 1, n,m)
=
(x+ n−m)m
(x− 1)m
,(3.3)
(3.4)
T(x, n,m)
T(x+ 1, n− 2,m− 1)
= (x)n,
(3.5)
V(x, n,m)
V(x− 2, n,m))
=
[x+ 2n− 2m]m
[x− 2]m
.
(3.6)
V(x, n,m)
V(x+ 2, n− 2,m− 1)
= [x]n,
We also have the following immediate consequence of Lemma 2.3:
Lemma 3.5. For any sequence t = (t1, t2, . . . , t2l), we have
Q(t1, . . . , t2l + 1)
Q(t1, . . . , t2l)
=
(s2l(t) + 1)(2 s2l(t) + 1)!
(2 et+1)!
×
l∏
i=1
(s2l(t)− s2i−1(t))!
(s2l(t) + s2i−1(t) + 1)!
l−1∏
i=1
(s2l(t) + s2i(t) + 1)!
(s2l(t)− s2i(t))!
(3.7)
and
K′(t1, . . . , t2l + 1)
K′(t1, . . . , t2l)
=
(2 s2l(t)− 1)!
(2 et)!
×
l∏
i=1
(s2l(t)− s2i−1(t))!
(s2l(t) + s2i−1(t)− 1)!
l−1∏
i=1
(s2l(t) + s2i(t)− 1)!
(s2l(t)− s2i(t))!
.(3.8)
4. Proofs of the main results
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Figure 4.1. Splitting an H(1)-type region into two Q-type regions when x = 0.
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Figure 4.2. Splitting an H(1)-type region into two Q-type regions when y = 0.
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Combined Proof of Theorems 2.4 and 2.8. We first prove that
M(H(1)x,y,z(a,b)) = 2
−y Q(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
H2(2oa+2ob+1)H2(2 ea+2 eb+2z + 1)
H2(2oa+2ob+2y + 1)H2(2 ea+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z, y)V(2x+ 2a+ 3, b + 2y + z − 1, y)
T(1, 2a + b+ 2y + z, y)V(2a+ 3, b+ 2y + z − 1, y)
,(4.1)
and that
M(R(1)x,y,z(a,b)) = 2
−y Q(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
H2(2 ea+2ob+1)H2(2oa+2 eb+2z + 1)
H2(2 ea+2ob+2y + 1)H2(2oa+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
×
T(x+ 1, 2a+ b+ 2y + z, y)V(2x+ 2a+ 3, b + 2y + z − 1, y)
T(1, 2a + b+ 2y + z, y)V(2a+ 3, b+ 2y + z − 1, y)
(4.2)
by induction on y+z+b+n, where n is the number of positive terms in the sequence b = (b1, b2, . . . , bn).
The base cases are the situations when at least one of the parameters x, y, and the sum b+n is equal
to 0.
We consider first the case when x = 0. After removing several forced lozenges in the middle of the
two fern, we split the regions into two subregions along the line that the ferns are lying on (see Figure
4.1). The upper subregion, after recovering several forced vertical lozenges, is the region:
(1) Q(0, a1, . . . , am, y, bn, . . . , b1) if m,n are even,
(2) Q(0, a1, . . . , am, y + bn, . . . , b1) if m is even and n is odd,
(3) Q(0, a1, . . . , am + y, bn, . . . , b1) if m is odd and n is even,
(4) Q(0, a1, . . . , am−1, am + y + bn, bn−1, . . . , b1) if m,n are odd.
The lower subregion is a horizontal reflection of the regions:
(1) Q(a1, . . . , am−1, am + y + bn, bn−1, . . . , b1, z) if m,n are even,
(2) Q(a1, . . . , am + y, bn, . . . , b1, z) if m is even and n is odd,
(3) Q(a1, . . . , am, y + bn, . . . , b1, z) if m is odd and n is even,
(4) Q(a1, . . . , am−1, am, y, bn, bn−1, . . . , b1, z) if m,n are odd.
By Region-splitting Lemma 3.1, the number of tilings of our region is given by the product of the
tiling numbers of the two Q-type regions corresponding to the upper and lower subregions. It means
that (4.1) follows from Lemma 2.3. Similarly, we can also write the number of tilings of the region
R
(1)
x,y,z(a,b) as the product of that of the two Q-type regions, and (4.2) follows again from Lemma 2.3.
If y = 0, we also divide the region along the ferns into two parts corresponding to two Q-type region
as in the Figure 4.2. In particular, the two Q-type regions (corresponding to the upper and lower
parts respectively) are:
(1) Q(0, a1, . . . , am + x+ bn, . . . , b1) and Q(a1, . . . , am, x, bn, . . . , b1, z) if m,n are even,
(2) Q(0, a1, . . . , am, x+ bn, . . . , b1) and Q(a1, . . . , am + x, bn, . . . , b1, z) if m is odd and n is even,
(3) Q(0, a1, . . . , am + x, bn, . . . , b1) and Q(a1, . . . , am, x+ bn, . . . , b1, z) if m is even and n is odd,
(4) Q(0, a1, . . . , am, x, bn, . . . , b1) and Q(a1, . . . , am + x+ bn, . . . , b1, z) if m,n are odd.
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Figure 4.3. (a)–(b): Eliminating triangles of side length 0 from the b-fern. (c)–(d):
Region reduction when z = 0.
This means that (4.1) is implied by Lemma 2.3. The verification for (4.2) in this case can be treated
in the same manner.
If b+ n = 0, then we have the right fern empty. This case was already considered in [17].
For induction step, we assume that x, y, b+ n are all positive and that the our tiling formulas (4.1)
and (4.2) hold respectively for any H(1)-type and R(1)-type regions with the sum of the y-, z-, b- and
n-parameters strictly less than y + z + b+ n. Before obtaining the recurrences for the H(1)-type and
R(1)-type regions, we have two important notices as follows.
We can assume that all the terms in the sequence b are positive. Indeed, if an even number of
initial terms in the sequence b are equal to 0, say b1 = b2 = . . . = b2l, then can simply eliminate this
0 terms from the sequence b. If b1 = 0 and b2 > 0, by removing forced lozenges along the northeast
side, we get a new H(1)-type (resp., R(1)-type) region with fewer holes (see Figure 4.3(a) for the case
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Figure 4.4. How to apply Kuo condensation to a H(1)-type region for the case n is
even (left) and for the case n is odd (right).
of H(1)-type regions, the case of R(1)-type regions can be treated similarly). Finally, if we have b1 > 0,
and some middle terms equal to 0, say bi = · · · = bi+l = 0 and bi−1, bi+l+1 > 0, then we can remove
several forced lozenges and combine the bi−1- and the bi+l+1-triangles in the b-fern into a triangle of
side length bi−1 + bi+l+1 as in Figure 4.3(b) (for a H
(1)-type region, the case of R(1)-type regions can
be treated in the same manner) to get a new region with the sum of the four parameter strictly less
than y + z + b+ n. In the rest of the proof, we assume that all bi > 0, i.e. n = n.
We can assume further that z > 0. Indeed, if z = 0 (and b1 > 0 by the above arguments), we
remove forced lozenges along the southeast side of an H(1)-type region to get a new R(1)-type region
with the sum of the four parameters smaller (see Figure 4.3(c)). Similarly, when z = 0, we can obtain
a ‘smaller’ H(1)-type region from the R(1)-type region by removing forced lozenges as in Figure 4.3(d).
With the above two assumptions, we apply Kuo’s Condensation Theorem 3.2 to the dual graph G
of the region H
(1)
x,y,z(a;b), with the four vertices u, v, w, s chosen as in Figure 4.4. In particular, the
unit triangles corresponding the vertices u, v, w, s are the shaded unit triangles with the same label.
The u-triangle is the up-pointing shaded unit triangle on the upper-right corner of the region, and the
v-triangle is the down-pointing shaded unit triangle adjacent to the left most of the bfern. The w- and
s-triangles form a shaded bowtie on the lower-right corner.
First, we consider the region corresponding to the graph G−{u, v, w, s}. It is the region H
(1)
x,y,z(a, b)
with all the four u-, v-, w-, s-triangles removed. The removal of the unit triangles yields several forced
lozenges. By removing these forced lozenges, we get back the region H
(1)
x,y−1,z−1(a;b
+1), where b+1
denotes the sequence obtained from the sequence b by adding 1 to the last term if b has an even
number of terms, and by including a new term 1 if b has an odd number of terms (see the region
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Figure 4.5. Obtaining a recurrence for the number of tilings of the H(1)-type regions.
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restricted by the bold contour in Figure 4.5(b) for the case when b has an even number of terms;
in the case b has an odd number of terms the removal of the v-triangle forms a new down-pointing
triangle of side-length 1 at the end of the b-fern). Since the removal of these forced lozenges (with all
weights 1) does not change the number of tilings, we have
(4.3) M(G− {u, v, w, s}) = M(H
(1)
x,y−1,z−1(a;b
+1)).
Similarly, by considering forced lozenges yielded by the removal of the back unit triangles as in Figures
4.5(c)–(f), respectively, we obtain:
(4.4) M(G− {u, v}) = M(H
(1)
x,y−1,z(a;b
+1)),
(4.5) M(G− {w, s}) = M(H
(1)
x,y,z−1(a;b)),
(4.6) M(G− {u, v, w, s}) = M(H
(1)
x+1,y−1,z(a;b)),
and
(4.7) M(G− {u, v, w, s}) = M(H
(1)
x−1,y,z−1(a;b
+1)
Plugging (4.3)–(4.7) into the equation in Kuo’s Theorem 3.2, we have the following recurrence:
M(H(1)x,y,z(a;b))M(H
(1)
x,y−1,z−1(a;b
+1)) =M(H
(1)
x,y−1,z(a;b
+1))M(H
(1)
x,y,z−1(a;b))
+M(H
(1)
x+1,y−1,z(a;b))M(H
(1)
x−1,y,z−1(a;b
+1)).(4.8)
Working similarly on the region R
(1)
x,y,z(a;b), we get the same recurrence for R(1)-type regions:
M(R(1)x,y,z(a;b))M(R
(1)
x,y−1,z−1(a;b
+1)) =M(R
(1)
x,y−1,z(a;b
+1))M(R
(1)
x,y,z−1(a;b))
+M(R
(1)
x+1,y−1,z(a;b))M(R
(1)
x−1,y,z−1(a;b
+1)).(4.9)
Next, we show that the formulas on the right-hand sides of (4.1) and (4.2), denoted by φx,y,z(a;b)
and ψx,y,z(a;b), respectively, satisfy the same recurrence above. Equivalently, we would like to verify
that
φx,y,z−1(a;b)
φx,y,z(a;b)
·
φx,y−2,z(a;b
+1)
φx,y−2,z−1(a;b
+1)
+
φx+1,y−2,z(a;b)
φx,y,z(a;b)
·
φx−1,y,z−1(a;b
+1)
φx,y−2,z−1(a;b
+1)
= 1.(4.10)
and that
ψx,y,z−1(a;b)
ψx,y,z(a;b)
·
ψx,y−2,z(a;b
+1)
ψx,y−2,z−1(a;b
+1)
+
ψx+1,y−2,z(a;b)
ψx,y,z(a;b)
·
ψx−1,y,z−1(a;b
+1)
ψx,y−2,z−1(a;b
+1)
= 1.(4.11)
We only present here the verification for the case when m and n are both even, as the other cases can
be handled in a completely analogous manner.
By Lemma 3.4, we can simplify the first fraction on the left-hand side of (4.10) as
φx,y,z(a;b)
φx,y,z−1(a;b)
=
Q(a1, . . . , am, x+ y, bn, . . . , b1, z)
Q(a1, . . . , am, x+ y, bn, . . . , b1, z − 1)
×
(2 ea+2 eb+2y + 2z − 1)!
(2 ea+2 eb+2z − 1)!
(2a+ b+ y + z)!
(2a+ b+ 2y + z)!
(b+ z − 1)!
(b+ y + z − 1)!
×
(2a+ b+ y + z + 1)y
(x+ 2a+ b+ y + z + 1)y
[2a+ 2b+ 2y + 2z + 1]y
[2x+ 2a+ 2b+ 2y + 2z + 1]y
.(4.12)
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Similarly, we get for the second fraction simplified as
φx,y−2,z(a;b
+1)
φx,y−2,z−1(a;b
+1)
=
Q(a1, . . . , am, x+ y − 1, bn + 1, . . . , b1, z)
Q(a1, . . . , am, x+ y − 1, bn + 1, . . . , b1, z − 1)
×
(2 ea+2 eb+2z + 1)!
(2 ea+2 eb+2y + 2z − 1)!
(2a+ b+ 2y + z − 1)!
(2a+ b+ y + z)!
(b+ y + z − 1)!
(b+ z)!
×
(x+ 2a+ b+ y + z + 1)y−1
(2a+ b+ y + z + 1)y−1
[2x+ 2a+ 2b+ 2y + 2z + 1]y−1
[2a+ 2b+ 2y + 2z + 1]y−1
.(4.13)
From the above simplification and Lemma 3.5, we have the first term on the left-hand side written by:
φx,y,z−1(a;b)
φx,y,z(a;b)
φx,y−2,z(a;b
+1)
φx,y−2,z−1(a;b
+1)
=
(2x+ 2a+ b+ 2y + z)(2a + 2b+ 4y + 2z − 1)
(x+ 2a+ b+ 2y + z)(2x + 2a+ 2b+ 4y + 2z − 1)
.(4.14)
Next, we consider the third and the fourth fractions on the left-hand side of (4.10). We note that
the Q-factors cancel out here. By Lemma 3.4, we can simplify
φx+1,y−2,z(a;b)
φx,y,z(a;b)
φx−1,y,z−1(a;b
+1)
φx,y−2,z−1(a;b
+1)
=
x(2x+ 2a+ 1)
(x+ 2a+ b+ 2y + z)(2x + 2a+ 2b+ 4y + 2z − 1)
.(4.15)
Therefore, (4.10) is now equivalent to
(2x+ 2a+ b+ 2y + z)(2a + 2b+ 4y + 2z − 1)
(x+ 2a+ b+ 2y + z)(2x + 2a+ 2b+ 4y + 2z − 1)
+
x(2x+ 2a+ 1)
(x+ 2a+ b+ 2y + z)(2x+ 2a+ 2b+ 4y + 2z − 1)
= 1,(4.16)
which is a true identity.
Similarly, by using Lemmas 3.4 and 3.5, we can simplify the terms on the left-hand side of (4.11)
as:
ψx,y,z−1(a;b)
ψx,y,z(a;b)
·
ψx,y−2,z(a;b
+1)
ψx,y−2,z−1(a;b
+1)
=
(2x+ 2a+ b+ 2y + z)(2a + 2b+ 4y + 2z − 1)
(x+ 2a+ b+ 2y + z)(2x + 2a+ 2b+ 4y + 2z − 1)
(4.17)
and
ψx+1,y−2,z(a;b)
ψx,y,z(a;b)
·
ψx−1,y,z−1(a;b
+1)
ψx,y−2,z−1(a;b
+1)
=
x(2x+ 2a+ 1)
(x+ 2a+ b+ 2y + z)(2x+ 2a+ 2b+ 4y + 2z − 1)
.(4.18)
This means that (4.11) now becomes the true identity:
(2x+ 2a+ b+ 2y + z)(2a + 2b+ 4y + 2z − 1)
(x+ 2a+ b+ 2y + z)(2x + 2a+ 2b+ 4y + 2z − 1)
+
x(2x+ 2a+ 1)
(x+ 2a+ b+ 2y + z)(2x+ 2a+ 2b+ 4y + 2z − 1)
= 1.(4.19)
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To complete our proof we need to show that the second and the third expressions in each of (2.14)
and (2.18) are equal. In particular, we need to show that
M(H
(1)
x+y,0,z(a,b))M(H
(1)
0,2y,z(a,b))
M(H
(1)
y,0,z(a,b))
= 2−y Q(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
H2(2oa+2ob+1)H2(2 ea+2 eb+2z + 1)
H2(2oa+2ob+2y + 1)H2(2 ea+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
.(4.20)
and that
M(R
(1)
x+y,0,z(a,b))M(R
(1)
0,2y,z(a,b))
M(R
(1)
y,0,z(a,b))
= 2−y Q(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(0, a1, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
H2(2 ea+2ob+1)H2(2oa+2 eb+2z + 1)
H2(2 ea+2ob+2y + 1)H2(2oa+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
.(4.21)
Let us consider only (4.20), as (4.21) can be treated in the same way. Similar to the base case
y = 0 treated above, by Region-splitting Lemma 3.1, we have the product of the two Q-factors on
the right-hand side is exactly M(H
(1)
x+y,0,z(a,b)). Moreover, by Region-splitting Lemma again, we can
write each of M(H
(1)
0,2y,z(a,b)) and M(H
(1)
y,0,z(a,b)) as a product of the numbers of tilings of the two
Q-type regions, and (4.20) follows by performing a straightforward simplification using Lemmas 2.3
and 3.5. 
Combined proof of Theorems 2.12 and 2.16. Similar to the combined proof of Theorems 2.4 and 2.8,
the second and the third expressions in (2.23) and in (2.27) are equal by Region-splitting Lemma 3.1
and by performing a straightforward simplification using Lemmas 2.3 and 3.5.
We only need to show that
M(N (1)x,y,z(a,b)) = 2
a1−y K′(0, a1 + 1, a2, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×Q(a1, . . . , a⌈m−1
2
⌉, a⌈m−1
2
⌉+1 + x+ y + b⌈n−1
2
⌉+1, b⌈n−1
2
⌉, . . . , b1, z)
×
(a+ y)!
a!
H2(2oa+2ob+2)H2(2 ea+2 eb+2z + 1)
H2(2oa+2ob+2y + 2)H2(2 ea+2 eb+2y + 2z + 1)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z, y)T(x+ a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z, y)T(a+ 1, b + 2y + z, y)
.(4.22)
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and that
M(NR(1)x,y,z(a,b)) = 2
a1−y Q(a1, . . . , a2⌈m−1
2
⌉, a2⌈m−1
2
⌉+1 + x+ y + b2⌊n+1
2
⌋, b2⌊n+1
2
⌋−1, . . . , b1)
×K′(0, a1 + 1, a2, . . . , a2⌊m+1
2
⌋−1, a2⌊m+1
2
⌋ + x+ y + b2⌈n−1
2
⌉+1, b2⌈n−1
2
⌉, . . . , b1, z)
×
(a+ y)!
a!
H2(2 ea+2ob+1)H2(2oa+2 eb+2z + 2)
H2(2 ea+2ob+2y + 1)H2(2oa+2 eb+2y + 2z + 2)
×
H(2a+ b+ 2y + z + 1)H(b+ y + z)
H(2a+ b+ y + z + 1)H(b+ z)
×
T(x+ 1, 2a + b+ 2y + z, y)T(x+ a+ 1, b+ 2y + z, y)
T(1, 2a + b+ 2y + z, y)T(a+ 1, b+ 2y + z, y)
.(4.23)
by induction on y + z + b+ n.
The base cases are still the cases x = 0, y = 0, and b+ n = 0. While cases x = 0 and y = 0 follow
from Lemmas 3.1 and 2.3, the case b+ n = 0 was again already treated in [17].
The induction step follows the lines in the proof of Theorems 2.4 and 2.8. Without loss of generality,
we can assume that n = n and that z > 0. Next, we apply Kuo Condensation with the four unit
triangles corresponding the four vertices u, v, w, s chosen similarly to that in Figure 4.4 for the H(1)-
type region. By considering forced lozenges yielded from the removal of these unit triangles, we have
the following recurrences for the N (1)-type and the RN (1)-type regions:
M(N1x,y,z(a,b))M(N
1
x,y−2,z−1(a,b
+1)) =M(N1x,y−2,z(a,b
+1))M(N1x,y,z−1(a,b))
+M(N1x+1,y−2,z(a,b))M(N
1
x−1,y,z−1(a,b
+1)),(4.24)
M(RN1x,y,z(a,b))M(RN
1
x,y−2,z−(a,b
+1)) =M(RN1x,y−2,z(a,b
+1))M(RN1x,y,z−1(a,b))
+M(RN1x+1,y−2,z(a,b))M(RN
1
x−1,y,z−1(a,b
+1)).(4.25)
We now only need to show that the expressions on the right-hand sides of (4.22) and (4.23), denoted
by fx,y,z(a,b) and gx,y,z(a,b), respectively, satisfy the same recurrence. It is equivalent to show that
fx,y,z−1(a,b)
fx,y,z(a,b)
·
fx,y−2,z(a,b
+1)
fx,y−2,z−1(a,b
+1)
+
fx+1,y−2,z(a,b)
fx,y,z(a,b)
·
fx−1,y,z−1(a,b
+1)
fx,y−2,z−1(a,b
+1)
= 1.(4.26)
and that
gx,y,z−1(a,b)
gx,y,z(a,b)
·
gx,y−2,z(a,b
+1)
gx,y−2,z−1(a,b
+1)
+
gx+1,y−2,z(a,b)
gx,y,z(a,b)
·
gx−1,y,z−1(a,b
+1)
gx,y−2,z−1(a,b
+1)
= 1.(4.27)
Performing a simplification using Lemmas 3.5 and 3.4, (4.26) and (4.26) are both reduced to the
following true identity
(2x+ 2a+ b+ 2y + z)(a+ b+ 2y + z)
(x+ 2a+ b+ 2y + z)(x+ a+ b+ 2y + z)
+
x(x+ a)
(x+ 2a+ b+ 2y + z)(x+ a+ b+ 2y + z)
= 1.(4.28)
This finishes the proof. 
The combined proofs of Theorems 2.5 and 2.9, Theorems 2.6 and 2.10, Theorems 2.7 and 2.11,
Theorems 2.13 and 2.17, Theorems 2.14 and 2.18, and Theorems 2.15 and 2.19 are similar and omitted.
We conclude this section by presenting the proof of Theorem 2.20. The proof of Theorem 2.21 is
essentially the same and is also omitted.
Proof of Theorem 2.20. Apply the cutting procedure in Ciucu’s Factorization Theorem (Lemma 3.3)
to the dual graph G of the symmetric hexagon with three ferns removed S
(1)
x,y,z(a;b), we have
(4.29) M(S(1)x,y,z(a;b)) = 2
y+z+a+b−a1 M(G+)M(G−),
as there are exactly 2y + 2z + 2a+ 2b− 2a1 vertices of G lying on the vertical symmetry axis.
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Figure 4.6. Dividing the symmetric hexagon with three ferns removed S
(1)
x,y,z(a,b)
into two halved hexagons.
We first consider the case when a1, x, y are all even. It is easy to see that the right component graph
G− is congruent to the dual graph of the left subregion restricted by the bold contour in Figure 4.6(a)
(for the case x = y = z = 2, a1 = 4, a2 = 2, b1 = b2 = 2; the lozenges with shaded cores are weighted
by 1/2). This region is exactly the weighted region W
(2)
x
2
, y
2
,z
(a12 , a2, . . . , am; b). The left component
graph G+ in turn corresponds to the dual graph of the right subregion. By removing several forced
lozenges on the top and the bottom of this region, we get the region H
(2)
x
2
, y
2
,z
(a12 , a2, . . . , am; b). This
means that we get
M(S(1)x,y,z(a;b)) = 2
y+z+a+b−a1 M
(
H
(2)
x
2
, y
2
,z
(a1
2
, a2, . . . , am; b
))
×M
(
W
(2)
x
2
, y
2
,z
(a1
2
, a2, . . . , am; b
))
.(4.30)
34 TRI LAI
If a1 is even, but x and y are odd, then as shown in Figure 4.6(b), we get
M(S(1)x,y,z(a;b)) = 2
y+z+a+b−a1 M
(
H
(2)
x−1
2
, y+1
2
,z
(a1
2
, a2, . . . , am; b
))
×M
(
W
(2)
x−1
2
, y+1
2
,z
(a1
2
, a2, . . . , am; b
))
.(4.31)
Similarly, when a1 is odd and x, y are even, we get from Figure 4.6(c)
M(S(1)x,y,z(a;b)) = 2
y+z+a+b−a1 M
(
N
(4)
x
2
, y
2
,z
(
a1 + 1
2
, a2, . . . , am; b
))
×M
(
N
(1)
x
2
, y
2
,z
(
a1 − 1
2
, a2, . . . , am; b
))
.(4.32)
Finally, if a1, x, y are all odd, then, as shown in Figure 4.6(d), we obtain
M(S(1)x,y,z(a;b)) = 2
y+z+a+b−a1 M
(
N
(4)
x−1
2
, y+1
2
,z
(
a1 + 1
2
, a2, . . . , am; b)
)
×M
(
N
(1)
x+1
2
, y−1
2
,z
(
a1 − 1
2
, a2, . . . , am; b
))
.(4.33)

5. Several open questions
The first equality signs in the formulas of Theorems 2.4–2.19 show some factorizations for the
numbers tilings of halved hexagons. It is interesting to find a direct bijective explanation for these
factorizations.
As shown in Theorems 2.20 and 2.21, only eight over sixteen halved hexagons (in particular, the
H(2)-, W (1)-, R(2), RW (1)-, N (1)-, N (4)-, NR(1)-, NR(4)-types regions) are really halves of some
symmetric hexagons with three ferns removed. How about the other eight? Are there any regions
whose halves are corresponding to these remaining regions?
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